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Using classical description of spin degrees of freedom, we extend recent formulation of the perfect-
fluid hydrodynamics for spin-polarized fluids to the case including dissipation. Our work is based
on the analysis of classical kinetic equations for massive particles with spin 1/2, with the collision
terms treated in the relaxation time approximation. The kinetic-theory framework determines the
structure of viscous and diffusive terms and allows to explicitly calculate a complete set of new
kinetic coefficients that characterize dissipative spin dynamics.
Keywords: perfect and viscous hydrodynamics with spin, energy-momentum and spin tensors, kinetic coef-
ficients, relaxation time approximation
I. INTRODUCTION
In non-central ultra-relativistic heavy-ion collisions,
the two colliding nuclei carry large amount of orbital an-
gular momentum L. Soon after the initial impact, a sub-
stantial part of L is deposited in the interaction zone and
can be further transformed to the spin part S (with the
total angular momentum J = L + S being conserved).
The latter can be reflected in the spin polarization of
the particles emitted at freeze-out. To verify this phe-
nomenon, the spin polarization of various particles (Λ,
K∗, φ) produced in relativistic heavy-ion collisions has
been recently measured by the STAR [1, 2], ALICE [3]
and HADES [4] experiments.
On the theoretical side, first predictions of a non-zero
global spin polarization of the Λ hyperons, based on
perturbative-QCD calculations and the spin-orbit inter-
action, were made in Refs. [5, 6] and [7], respectively
(see also Ref. [8]). In these works, a substantial polariza-
tion effect of the order of 10% was found. Subsequently,
using relativistic hydrodynamics with local thermody-
namic equilibrium of the spin degrees of freedom [9–18],
a smaller polarization of about 1% was predicted, an ef-
fect which was eventually confirmed by STAR [1, 2].
Interestingly, the same hydrodynamic models [18, 19]
are not able to describe the experimentally measured lon-
gitudinal polarization of Λ’s [20, 21]. For example, the
oscillation of the longitudinal polarization of the Λ hy-
perons measured as a function of the azimuthal angle in
the transverse plane [20] has an opposite sign compared
to the results obtained with relativistic hydrodynamics
with thermalized spin degrees of freedom. This issue is
at the moment the subject of very intensive investigations
[16, 17, 22–39].
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The relativistic hydrodynamic models (perfect or vis-
cous) that have been used so far to describe the global
spin polarization of the Λ and Λ¯ hyperons [13, 15, 18]
make use of the fact that spin polarization effects are
governed by the thermal vorticity tensor
$µν = −1
2
(∂µβν − ∂νβµ). (1)
Here the four-vector βµ is defined in the standard way as
the ratio of the fluid flow vector uµ and the local tem-
perature T , i.e., βµ = uµ/T . One can notice that the use
of (1) does not require any modifications of the existing
hydrodynamic codes as spin effects are determined solely
by the form of uµ and T .
However, on the general thermodynamic grounds [40],
it is expected that the spin polarization effects may be
governed by the tensor ωµν (called below the spin polar-
ization tensor) that can be independent of the thermal
vorticity (1). This suggests that a completely new hydro-
dynamic approach including spin dynamics can be con-
structed, with the spin polarization tensor ωµν treated
as an independent hydrodynamical variable. In this con-
text, the concept of local spin equilibrium also changes
as one no longer requires that ωµν = $µν to have zero
entropy production.
First steps to formulate the perfect-fluid version of hy-
drodynamics of spin polarized fluids that incorporates
the spin polarization tensor ωµν have already been made
in a series of publications [40–42], for a recent summary
see Ref. [43]. However, only in a very recent work [44],
the dissipation effects in such systems have been explic-
itly considered, see also Refs. [45–50].
In this work we continue and significantly extend the
results obtained in Ref. [44]. In order to identify the
structure of dissipative terms, we use classical kinetic
theory for particles with spin 1/2. The collision terms
are treated in the relaxation time approximation (RTA)
according to the prescription defined in Ref. [44] and,
for the sake of simplicity, we restrict our considerations
to the Boltzmann statistics. The kinetic-theory frame-
work determines the structure of viscous and diffusive
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2terms and allows to explicitly calculate a set of new ki-
netic coefficients that characterize dissipative spin dy-
namics. These coefficients describe coupling between a
non-equilibrium part of the spin tensor and thermody-
namic forces such as the expansion tensor, shear flow ten-
sor, the gradient of chemical potential divided by temper-
ature, and, finally, the gradient of the spin polarization
tensor.
The structure of the paper is as follows: In Sec. II we
recall the formulation of the perfect-fluid hydrodynam-
ics with spin. Our presentation is based on the classical
concept of spin and classical distribution functions in an
extended phase space. In Sec. III we introduce kinetic
equations with the collision terms treated in the relax-
ation time approximation and derive the form of the dissi-
pative corrections. This section contains also the explicit
form of the new, spin-related kinetic coefficients. We
conclude and summarize in Sec. IV. The paper is closed
with several appendices where details of our straightfor-
ward but quite lengthy calculations are given. We use
natural units and the metric tensor with the signature
(+−−−).
II. FORMULATION OF PERFECT FLUID
HYDRODYNAMICS FOR SPIN POLARIZED
FLUIDS
A. Spin-dependent equilibrium distribution
function
We start with the classical treatment of massive par-
ticles with spin-1/2 and introduce their internal angular
momentum sαβ [51]. It is connected with the particle
four-momentum pγ and spin four-vector sδ [52] by the
following relation
sαβ =
1
m
αβγδpγsδ, (2)
where m is the mass of the particle. Equation (2) implies
that sαβ = −sβα and pαsαβ = 0. Moreover, from Eq. (2)
we find
sα =
1
2m
αβγδpβsγδ. (3)
This implies that spin four-vector sα is orthogonal to
four-momentum pα, i.e., s · p = 0. In the particle rest
frame (PRF), where the four-momentum of a particle is
pµ = (m, 0, 0, 0), the spin four-vector sα has only spatial
components, i.e., sα = (0, s∗), with the length of the spin
vector defined by −s2 = |s∗|2 = s2 = 12
(
1 + 12
)
.
Identification of the so-called collisional invariants of
the Boltzmann equation allows us to construct the equi-
librium distribution functions f±s,eq(x, p, s) for particles
and antiparticles [43, 44],
f±s,eq(x, p, s) = f
±
eq(x, p) exp
[
1
2
ωµν(x)s
µν
]
. (4)
Here f±eq(x, p) = exp [−pµβµ(x)± ξ(x)] is the Ju¨ttner dis-
tribution, with ξ and βµ traditionally defined as ratios of
chemical potential µ to temperature T and four-velocity
uµ to temperature T , i.e., ξ = µ/T and βµ = uµ/T .
1
The spin polarization tensor ωµν has been introduced in
Sec. I. It plays a crucial role in our formalism and can
be interpreted as the (tensor) potential conjugated to the
spin angular momentum.
Before we proceed further we note that in our approach
sµν is dimensionless (measured in units of ~) and so is
ωµν . Consequently, we can make expansions in ωµν and,
in fact, most of our results will be valid in the leading
order of ωµν .
Ordinary phase-space equilibrium distribution func-
tions can be obtained by integrating out the spin degrees
of freedom present in f±s,eq(x, p, s),∫
dS f±s,eq(x, p, s) = f
±
eq(x, p), (5)
where [43]
dS =
m
pis
d4s δ(s · s+ s2) δ(p · s). (6)
Different properties of spin integrals done with the inte-
gration measure (6) are collected in Appendix A.
B. Perfect fluid hydrodynamics for spin polarized
fluids
For a system of particles and anti-particles with spin
degrees of freedom included only through degeneracy fac-
tors, the relevant conserved quantities are the energy-
momentum tensor (Tµν) and charge current (Nµ). If spin
is explicitly included, one has to consider an additional
conserved quantity, namely, the angular-momentum ten-
sor (Jλ,µν) [43, 53]. This is connected with the fact that
the total angular momentum conservation law for parti-
cles with spin has a non-trivial form.
The total angular-momentum tensor (Jλ,µν) can be
written as a sum of the orbital (Lλ,µν) and spin (Sλ,µν)
parts. The latter is known as the spin tensor. It is
well known that there are various equivalent forms of
the energy-momentum and spin tensors that can be used
to define system’s dynamics [46, 54, 55]. The forms used
in this work agree with the definitions introduced by de
Groot, van Leeuwen, and van Weert in [56]. To empha-
size this fact we sometimes use the acronym GLW.
The structures of Tµν , Nµ and Sλ,µν can be connected
to the behaviour of microscopic constituents of the sys-
tem through the moments of the phase-space distribution
functions feq(x, p, s). Using the equilibrium distributions
1 We note that since we always consider particles being on the
mass shell (p0 = Ep =
√
p2 + m2) the distribution f(x, p, s) is
in fact a function of p only.
3feq(x, p, s) defined above, the hydrodynamic quantities
such as charge current, energy-momentum tensor, and
the spin tensor can be obtained in the similar way as in
standard hydrodynamics.
C. Charge current
The equilibrium charge current is defined by the for-
mula
Nµeq =
∫
dP dS pµ
[
f+s,eq(x, p, s)−f−s,eq(x, p, s)
]
, (7)
where the invariant momentum integration measure dP
is
dP =
d3p
(2pi)3Ep
, (8)
while the measure dS is defined by Eq. (6). Using the
equilibrium functions (4) we obtain
Nµeq = 2 sinh(ξ)
∫
dP pµe−p·β
∫
dS exp
(
1
2
ωαβs
αβ
)
.
(9)
Since for large values of the spin polarization tensor the
system becomes anisotropic in the momentum space and
requires special treatment [57, 58], in most of our cal-
culations we consider only the case of small values of ω.
In this case the last exponential function in (9) can be
expanded up to linear order and we find
Nµeq = 2 sinh(ξ)
∫
dP pµ e−p·β
∫
dS
(
1 +
1
2
ωαβs
αβ
)
.
(10)
After carrying out integration first over spin and then
over momentum we get
Nαeq = nu
α, (11)
where
n = 4 sinh(ξ)n0(T ) (12)
is the charge density [41]. In Eq. (12) the quantity n0(T )
is the number density of spinless, neutral massive Boltz-
mann particles which is defined by the thermal average
n0(T ) = 〈u · p〉0, (13)
where
〈· · · 〉0 ≡
∫
dP(· · · ) e−β·p. (14)
The explicit calculation gives
n0(T ) =
∫
dP (u · p) e−β·p = I(0)10
=
1
2pi2
T 3z2K2(z) , (15)
with z ≡ m/T . Thermodynamic integrals I(r)nq are defined
in Appendix B.
D. Energy-momentum tensor
The energy-momentum tensor is defined as the second
moment in momentum space,
Tµνeq =
∫
dP dS pµpν
[
f+s,eq(x, p, s) + f
−
s,eq(x, p, s)
]
.
(16)
Using Eq. (4) we can rewrite this formula as
Tµνeq = 2 cosh(ξ)
∫
dP pµpν e−p·β
∫
dS exp
(
1
2
ωαβs
αβ
)
.
(17)
Considering the case of small ω and carrying out integra-
tion over spin and momentum space we get
Tαβeq (x) = εu
αuβ − P∆αβ , (18)
where
ε = 4 cosh(ξ) ε0(T ) (19)
and
P = 4 cosh(ξ)P0(T ), (20)
respectively [41]. The auxiliary quantities ε0(T ) and
P0(T ) are defined as follows
ε0(T ) = 〈(u · p)2〉0 (21)
and
P0(T ) = −(1/3)〈 p · p− (u · p)2 〉0. (22)
Similarly to n0(T ), they describe the energy density and
pressure of spinless, neutral massive Boltzmann particles.
In Eq. (18), the tensor ∆αβ = gαβ − uαuβ is an opera-
tor projecting on the space orthogonal to the fluid four-
velocity uµ. For the reader’s convenience, the properties
of this and other projectors are listed in Appendix C.
With the help of thermodynamic integrals I
(r)
nq defined
in Appendix B one obtains
ε0(T ) =
∫
dP (u · p)2e−β·p = I(0)20
=
1
2pi2
T 4z2 [3K2(z) + zK1(z)] (23)
and
P0(T ) = −1
3
∆µν
∫
dP pµpνe−β·p
= −1
3
∫
dP
[
p · p− (u · p)2] e−β·p = −I(0)21
=
1
2pi2
T 4z2K2(z) = n0(T )T. (24)
4E. Spin tensor
Now we come to the fundamental object in our for-
malism, namely, the spin tensor. We adopt the following
definition [43]
Sλ,µνeq =
∫
dP dS pλ sµν
[
f+s,eq(x, p, s) + f
−
s,eq(x, p, s)
]
= 2 cosh(ξ)
∫
dP pλ exp (−p · β) (25)
×
∫
dS sµν exp
(
1
2
ωαβs
αβ
)
.
Expanding the exponential function in the last line, in
the leading order in ω we obtain∫
dS sµν exp
(
1
2
ωαβs
αβ
)
=
∫
dS sµν
(
1 +
1
2
ωαβs
αβ
)
=
2
3m2
s2
(
m2ωµν + 2pαp[µων]α
)
. (26)
Using Eq. (26) in Eq. (25) we find
Sλ,µνeq =
4s2
3m2
cosh(ξ)
∫
dP pλ e−p·β
(
m2ωµν+2pαp[µων]α
)
.
(27)
It is interesting to observe that the last result agrees with
the formula Sλ,µνGLW obtained in the semiclassical expansion
of the Wigner functions [53]. This fact supports our use
of the definition (25).
After carrying out the momentum integration we get
Sλ,µνeq = S
λ,µν
GLW = C
(
n0(T )u
λωµν + Sλ,µν∆GLW
)
. (28)
Here C = (4/3)s2 cosh(ξ) and the auxiliary tensor Sλ,µν∆GLW
is given by the expression
Sα,βγ∆GLW = A0 uαuδu[βωγ]δ (29)
+ B0
(
u[β∆αδω
γ]
δ + u
α∆δ[βω
γ]
δ + u
δ∆α[βω
γ]
δ
)
,
where
B0 = − 2
z2
ε0(T ) + P0(T )
T
= − 2
z2
s0(T ) (30)
and
A0 = 6
z2
s0(T ) + 2n0(T ) = −3B0 + 2n0(T ),
(31)
with s0 being the entropy density of spinless, neutral,
massive Boltzmann particles satisfying thermodynamic
relation s0 = (ε0 + P0) /T .
We note that since our energy-momentum tensor is
symmetric, the spin tensor is separately conserved. The
conservation of the spin tensor gives six additional equa-
tions which are required to determine the space-time evo-
lution of ω. We note that this situation may change if
non-local effects are included, for a very recent discussion
of this point see Refs. [45, 46].
F. Entropy Current
To construct the entropy current we adopt the Boltz-
mann definition
Hµ = −
∫
dP dS pµ
[
f+s,eq
(
ln f+s,eq − 1
)
+f−s,eq
(
ln f−s,eq − 1
)]
. (32)
Using Eqs. (4), (7), (16), and (25), we find
Hµ = βαT
µα
eq −
1
2
ωαβS
µ,αβ
eq − ξNµeq +N µeq (33)
where
N µeq =
cosh(ξ)
sinh(ξ)
Nµeq. (34)
Using Eq. (33) as well as the conservation laws for charge,
energy-momentum and spin we obtain the following ex-
pression,
∂µH
µ = (∂µβα)T
µα
eq −
1
2
(∂µωαβ)S
µ,αβ
eq
− (∂µξ)Nµeq + ∂µN µeq.
(35)
Now using the conservation laws for charge, energy and
momentum one can easily show that the entropy current
is conserved, namely
∂µH
µ = 0. (36)
It should be emphasized that the last result is exact in
the sense that it does not depend on the expansion in ω.
Moreover, we see that the contributions to the entropy
production coming from the spin polarization tensor are
quadratic. This means that there is no effect on the en-
tropy production from the polarization in the linear or-
der. This suggests that we can neglect the effects of po-
larization on the global evolution of matter, provided we
restrict our considerations to the linear terms. For both
the conserved charge and the energy-momentum tensor
the corrections start with the second order, hence, as long
as we restrict ourselves to the linear terms in ω, we can
first solve the system of standard hydrodynamic equa-
tions (which are not affected by polarization in the lin-
ear order) and subsequently determine the spin evolution
(linear in ω) on top of such a hydrodynamic background.
III. FORMULATION OF DISSIPATIVE
HYDRODYNAMICS FOR SPIN POLARIZED
FLUIDS
The formalism presented in the previous section is al-
ready well established and may be treated as the defi-
nition of the perfect-fluid hydrodynamics with spin. In
the next section, we include dissipation effects. This will
be done with the help of the relaxation time approxima-
tion used for the collision terms in the classical kinetic
equations, as originally introduced in Ref. [44].
5A. Classical RTA kinetic equation
In the absence of mean fields, the distribution function
satisfies the equations
pµ∂µf
±
s (x, p, s) = C[f
±
s (x, p, s)], (37)
where C[f±s (x, p, s)] is the collision term. In the re-
laxation time approximation, the collision term has the
form [44]
C[f±s (x, p, s)] = p · u
f±s,eq(x, p, s)− f±s (x, p, s)
τeq
. (38)
We consider now a simple Chapman-Enskog expansion
of the single particle distribution function about its equi-
librium value in powers of space-time gradients
f±s (x, p, s) = f
±
s,eq(x, p, s) + δf
±
s (x, p, s), (39)
Using Eqs. (38) and (39) in Eq. (37) we get
pµ∂µf
±
s,eq(x, p, s) = −p · u
δf±s (x, p, s)
τeq
. (40)
After substituting equilibrium distribution function (4)
in Eq. (40) we obtain (in linear order in ω)
δf±s = −
τeq
(u · p)e
±ξ−p·β
[(
± pµ∂µξ − pλpµ∂µβλ
)(
1 +
1
2
sαβωαβ
)
+
1
2
pµsαβ(∂µωαβ)
]
. (41)
The corrections δf±s result in dissipative effects in the
conserved quantities such as charge current, energy-
momentum tensor, and spin tensor. We discuss them
now starting from the simplest case of the charge cur-
rent. The details of rather lengthy calculations are given
in Appendix D.
B. Conserved hydrodynamic quantities and
dissipative corrections
Taking the appropriate moments of the transport equa-
tion (37), the following equations for the charge current
(Nµ), energy-momentum tensor (Tµν) and spin tensor
(Sλ,µν) can be obtained
∂µN
µ(x) = −uµ
(
Nµ(x)−Nµeq(x)
τeq
)
, (42)
∂µT
µν(x) = −uµ
(
Tµν(x)− Tµνeq (x)
τeq
)
, (43)
∂λS
λ,µν(x) = −uλ
(
Sλ,µν(x)− Sλ,µνeq (x)
τeq
)
, (44)
respectively.
Conservation of the charge current (∂µN
µ = 0),
energy-momentum tensor (∂µT
µν = 0), and spin tensor
(∂λS
λ,µν = 0) implies that the quantities on the right-
hand sides of Eqs. (42)–(44) should be zero, i.e., we must
have
uµδN
µ = 0, (45)
uµδT
µν = 0, (46)
uλδS
λ,µν = 0, (47)
where δNµ, δTµν , and δSλ,µν are defined in terms of the
non-equilibrium parts of the distribution functions:
δNµ =
∫
dP dS pµ(δf+s − δf−s ), (48)
δTµν =
∫
dP dS pµpν(δf+s + δf
−
s ), (49)
δSλ,µν =
∫
dP dS pλsµν(δf+s + δf
−
s ). (50)
Note that Eqs. (45) and (46), satisfied by the corrections
δNµ and δTµν , are known in the literature as the Lan-
dau matching conditions. They are used (and needed) to
determine the values of the chemical potential, tempera-
ture, and three independent components of the flow four-
vector appearing in the equilibrium distributions defined
by Eq. (4) — altogether Eqs. (45) and (46) are five inde-
pendent equations for five unknown functions. A novel
feature of our approach is that we introduce an additional
matching condition given by Eq. (47). These are in fact
six equations that allow us to determine six independent
components of the spin polarization tensor ωµν . Below
we refer to the complete set of Eqs. (45)–(47) as to the
Landau matching conditions.
The conserved quantities obtained from the moments
of the transport equations (37) can be further tensor de-
composed in terms of the hydrodynamic degrees of free-
dom. The charge current is decomposed into two parts
Nµ =
∫
dP dS pµ
[
f+(x, p, s)− f−(x, p, s)]
= Nµeq + δN
µ = nuµ + νµ. (51)
In this decomposition, the quantity νµ is known as the
charge diffusion current. The presence of the dissipa-
6tive corrections implies that the form of the energy-
momentum tensor is
Tµν =
∫
dP dS pµpν
[
f+(x, p, s) + f−(x, p, s)
]
= Tµνeq + δT
µν
= εuµuν − P∆µν + piµν −Π∆µν . (52)
In this decomposition, ε, P, piµν , and Π are energy den-
sity, equilibrium pressure, shear stress tensor, and bulk
pressure, respectively. We use here the Landau frame,
where Tµνuν = εu
µ. Finally, we define the correction to
the spin tensor by the decomposition
Sλ,µν =
∫
dP dS pλsµν
[
f+(x, p, s) + f−(x, p, s)
]
= Sλ,µνeq + δS
λ,µν . (53)
The non-equilibrium quantities n, ε, P can be obtained
by the Landau matching conditions, namely
n = neq = uµN
µ
eq (54)
= uµ
∫
dP dS pµ
[
f+eq(x, p, s)− f−eq(x, p, s)
]
,
ε = εeq = uµuνT
µν
eq (55)
= uµuν
∫
dP dS pµpν
[
f+eq(x, p, s) + f
−
eq(x, p, s)
]
and
P = Peq = −1
3
∆µνT
µν
eq (56)
= −∆µν
3
∫
dP dS pµpν
[
f+eq(x, p, s) + f
−
eq(x, p, s)
]
.
After carrying out integration over spin and momen-
tum, Eqs. (54), (55), and (56) yield the same results as
Eqs. (12), (19), and (20). Here we also note that the
choice of Landau frame and matching conditions enforces
the following constraints on the dissipative currents
uµν
µ = 0,
uµpi
µν = 0. (57)
C. Convective derivatives of hydrodynamic
variables
An intermediate step in the calculation of standard
kinetic coefficients is the derivation of expressions for the
convective derivatives of the hydrodynamic variables ξ,
β, and uµ. The convective derivatives are space-time
derivatives taken along the streamlines of the fluid. We
denote them by a dot or the letter D, for example,
ξ˙ = Dξ = uµ∂µξ. (58)
With spin degrees of freedom included, one has to cal-
culate the convective derivative of the spin polarization
tensor ωµν as well. In this section we describe the nec-
essary steps needed to determine all those derivatives.
The details of the calculations, which are quite lengthy
due to complicated tensor structures, are given in the
Appendices E-F.
Using the conservation laws for energy and momentum
(∂µT
µν = 0) as well as charge (∂µN
µν = 0), we get the
following equations that dictate the evolution of T , uµ,
and µ, 2
ε˙+ (ε+ P + Π) θ − piµνσµν = 0, (59)
(ε+ P )u˙α −∇αP + ∆αµ∂νpiµν = 0, (60)
n˙+ nθ + ∂µn
µ = 0. (61)
Here we use the following notation: θ = ∂µu
µ is the
expansion scalar, ∇µ = ∆µν∂ν denotes the transverse
gradient, and σµν = 12 (∇µuν +∇νuµ) − 13∆µν (∇λuλ
)
is the shear flow tensor. In order to determine the space-
time evolution of the spin polarization tensor, the above
system of equations should be supplemented by the con-
servation of the spin tensor,
∂λS
λ,µν = 0. (62)
Keeping only the terms up to the first order in veloc-
ity gradients, the conservation equations (59), (60), (61),
and (62) are reduced to
ε˙+ (ε+ P ) θ = 0, (63)
(ε+ P )u˙α −∇αP = 0, (64)
n˙+ nθ = 0, (65)
∂λS
λ,µν
eq = 0, (66)
respectively. Furthermore, from Eqs. (12) and (19) we
obtain
n˙ = 4 cosh(ξ)ξ˙I
(0)
10 + 4 sinh(ξ)I˙
(0)
10 , (67)
ε˙ = 4 sinh(ξ)ξ˙I
(0)
20 + 4 cosh(ξ)I˙
(0)
20 . (68)
Using Eq. (B16) that connects derivatives of the Bessel
functions, the above equations can be written as
n˙ = 4 cosh(ξ)ξ˙I
(0)
10 − 4 sinh(ξ)β˙I(0)20 , (69)
ε˙ = 4 sinh(ξ)ξ˙I
(0)
20 − 4 cosh(ξ)β˙I(0)30 . (70)
Substituting n, ε, P , n˙ and ε˙ from Eqs. (12), (19), (20),
(69) and (70) in Eqs. (63) and (65) we get
sinh(ξ)ξ˙I
(0)
20 −cosh(ξ)β˙I(0)30 =− cosh(ξ)
(
I
(0)
20 −I(0)21
)
θ,
(71)
cosh(ξ)ξ˙I
(0)
10 −sinh(ξ)β˙I(0)20 = − sinh(ξ)I(0)10 θ. (72)
2 Equations (59)–(61) do not include the spin polarization tensor,
if we consider only linear terms in ω.
7Using the relations: I
(0)
20 = ε0, I
(0)
21 = −P0 = −n0T ,
I
(0)
10 = n0, and I
(0)
30 =
1
β
(
3 (P0 + ε0) + z
2P0
)
, and solving
Eqs. (71) and (72) for ξ˙ and β˙ we can get
ξ˙ = ξθ θ, (73)
β˙ = βθ θ, (74)
where
ξθ =
sinh(ξ) cosh(ξ)
[
ε20 − n0T
((
3 + z2
)
P0 + 2ε0
)]
n0T cosh
2(ξ) ((3 + z2)P0 + 3ε0)− ε20 sinh2(ξ)
,
(75)
βθ =
n0
(
cosh2(ξ)P0 + ε0
)
n0T cosh
2(ξ) ((3 + z2)P0 + 3ε0)− ε20 sinh2(ξ)
.
(76)
Substituting into Eq. (64) the energy density ε and pres-
sure P defined by Eqs. (55) and (56) we get
cosh(ξ)
(
I
(0)
20 − I(0)21
)
u˙α = − sinh(ξ) (∇αξ) I(0)21
− cosh(ξ)
(
∇αI(0)21
)
. (77)
Now we can write
∇αI(0)21 = ∇α
(
1
3
∆µν
∫
dP pµpνe−p
λβλ
)
=
1
3
∆µν (−∇αβλ)
∫
dP pµpνpλe−p
λβλ
= −1
3
∆µν
(
1
T
∇αuλ − uλ
T 2
∇αT
)[
I
(0)
30 u
λuµuν
+ I
(0)
31
(
∆λµuν + ∆νλuµ + ∆µνuλ
) ]
= −
(
−uλ
T 2
∇αT
)
uλI
(0)
31
= (−∇αβ) I(0)31 (78)
and using Eq. (78) in Eq. (77) we obtain
cosh(ξ)
(
I
(0)
20 − I(0)21
)
u˙α = − sinh(ξ) (∇αξ) I(0)21
+ cosh(ξ) (∇αβ) I(0)31 . (79)
Now from the recurrence relation (B15) we obtain
I
(0)
31 = −
1
β
(
I
(0)
20 − I(0)21
)
= − 1
β
(ε0 + P0),
I
(0)
21 = −P0 = −
n0
β
. (80)
Using the above expressions for I
(0)
31 and I
(0)
21 in Eq. (79),
the following equation for u˙µ can be derived
βu˙α =
n0 tanh(ξ)
ε0 + P0
(∇αξ)− (∇αβ) . (81)
Now we turn to the equilibrium spin tensor. With the
help of Eq. (28) it can be written as
Sλ,µνeq =
4s2
3
cosh(ξ)I
(0)
10 u
λωµν (82)
+
4s2
3m2
cosh(ξ)
[
2I
(0)
30 u
λuαu[µων]α
+2I
(0)
31
(
∆λαu[µων]α + u
λ∆α[µων]α + u
α∆λ[µων]α
)]
.
The above equation can further be simplified as
Sλ,µνeq =
4s2
3
cosh(ξ)I
(0)
10 u
λωµν (83)
+
8s2
3m2
cosh(ξ)
[(
I
(0)
30 − 3I(0)31
)
uλuαu[µων]α
+ I
(0)
31
(
u[µων]λ − ωµνuλ + uαgλ[µων]α
)]
.
Substituting Eq. (83) into Eq. (66), and using Eqs. (73),
(74), and (81), the following dynamical equation for the
spin polarization tensor ωµν can be obtained
ω˙µν = DµνΠ θ + (∇αξ)D[µν]n α +D[νpi λσλµ]
+DαΣ1∇[µων]α +D[µν]αΣ2 ∇λωαλ. (84)
For details see Appendix E, where the explicit expressions
for various D-coefficients are given.
Note that while deriving the dynamical equation (84),
we initially encounter the term uν ω˙
µν in the expression
for ω˙µν . To eliminate this term we derive another dynam-
ical equation for uν ω˙
µν by taking projection of Eq. (66)
along uν . The dynamical equation for uν ω˙
µν is given by
the expression
uν ω˙
µν = CµΠθ + C
µ
nλ(∇λξ) + Cpiασαµ + CµΣν∇λωνλ.
(85)
The explicit expression for various C-coefficients appear-
ing above are also given in Appendix E. See also Ap-
pendix F, where the Landau matching conditions are pre-
sented in more detail.
D. Transport coefficients
The dissipative forces arise due to non-zero gradients in
the system. In the present case, we will confine ourselves
only to first order in gradients and hence the dissipative
parts of Tµν , Nµ, and Sλ,µν , i.e., δTµν , δNµ, and δSλ,µν ,
respectively, must be first order in gradients too. The
shear stress (piµν), bulk viscous pressure (Π) and particle
diffusion current (nµ) can be found from δTµν and δNµ
as:
piµν = ∆µναβ δT
αβ , Π = −1
3
∆αβ δT
αβ , νµ = ∆µα δN
α.
(86)
8Hence, using Eqs. (49) and (48), the above dissipative
quantities can be written as:
piµν = ∆µναβ
∫
dP dS pαpβ(δf+s + δf
−
s ), (87)
Π = −1
3
∆αβ
∫
dP dS pαpβ(δf+s + δf
−
s ), (88)
νµ = ∆µα
∫
dP dS pα(δf+s − δf−s ). (89)
Evaluating the expressions defined by Eqs. (87), (88),
and (89), the dissipative quantities are found to be (see
Appendix G)
piµν = 2τeq βpiσ
µν ,
Π = −τeq βΠθ,
νµ = τeq βn∇µξ. (90)
Here, coefficients, βpi, βΠ and βn are the first-order trans-
port coefficients which for massive particles with finite
chemical potential are found to be
βpi = 4 I
(1)
42 cosh(ξ), (91)
βΠ = 4
{
n0 cosh(ξ)
β
[
sinh2(ξ)
(
ε0 (P0 + ε0)− n0T
(
P0
(
z2 + 3
)
+ 3ε0
))
ε20 sinh
2(ξ)− n0T cosh2(ξ) (P0 (z2 + 3) + 3ε0)
]
− n0 cosh(ξ)
β
[
(P0 + ε0)
(
P0 cosh
2(ξ) + ε0
)
n0T cosh
2(ξ) (P0 (z2 + 3) + 3ε0)− ε20 sinh2(ξ)
]
+
5β
3
I
(1)
42
}
, (92)
βn = 4
[(
n0 tanh(ξ)
ε0 + P0
)
I
(0)
21 sinh(ξ)− I(1)21 cosh(ξ)
]
. (93)
Similarly, using Eq. (41) in (50) and then carrying out integration over spin and momentum variables we get,
δSλ,µν = τeq
[
Bλ,µνΠ θ +B
κλ,µν
n (∇κξ) +B(κδ)λ,µνpi σκδ +Bηβγλ,µνΣ ∇ηωβγ
]
. (94)
Different coefficients appearing on the right-hand side of Eq. (94) are the kinetic coefficients for spin. They have a
tensor structures expressed in terms of uµ, gµν , and ωµν . Explicit forms of these coefficients are as follows:
Bλ,µνΠ = B
(1)
Π u
[µων]λ +B
(2)
Π u
λuαu[µων]α +B
(3)
Π ∆
λ[µuαω
ν]α, (95)
Bλκδ,µνpi = B
(1)
pi ∆
[µκ∆λδuαω
ν]α +B(2)pi ∆
λδu[µων]κ +B(3)pi u
[µ∆ν]δ∆λαω
ακ +B(4)pi ∆
λ[µωρκuρ∆
ν]δ, (96)
Bλκ,n
µν = B(1)n ∆
λκωµν +B(2)n ∆
λκuαu[µων]α +B
(3)
n ∆
λα∆[µκων]α +B
(4)
n u
[µ∆ν]κuρωλρ +B
(5)
n ∆
λ[µων]κ
+B(6)n ∆
λ[µuν]uαω
ακ, (97)
Bηβγλ,µνΣ = B
(1)
Σ ∆
ληg[µβgν]γ +B
(2)
Σ u
γ∆ληu[µ∆ν]β +B
(3)
Σ
(
∆λη∆γ[µgν]β + ∆λγ∆[µηgν]β + ∆γη∆λ[µgν]β
)
+B
(4)
Σ ∆
γη∆λ[µ∆ν]β +B
(5)
Σ u
γ∆λβu[µ∆ν]η, (98)
where the scalar coefficients B
(i)
X are explicitly defined in Appendix E.
Equation (94) is our main result. It shows that the dis-
sipative spin effects are connected with the presence of
expansion scalar, gradient of the ratio of chemical poten-
tial and temperature, the shear-flow tensor, and the gra-
dient of the spin polarization tensor. All these quantities
may be interpreted as “thermodynamic forces” that trig-
ger dissipative currents. The first three among them are
well known — they lead to appearance of bulk pressure,
diffusive current, and shear stress tensor. Interestingly,
in the considered case, they also induce the dissipative
part of the spin tensor. The fourth term in Eq. (94) de-
scribes the induction of the disspative spin tensor by the
gradient of the spin polarization tensor, hence, may be
treated as a direct non-equilibrium interaction between
spin degrees of freedom.
Finally, we note that all the kinetic coefficients ob-
tained from Eq. (38) are proportional to the same relax-
ation time τeq. This implies that the equilibration times
for momenta and spin degrees of freedom are the same.
In phenomenological applications it is conceivable to vary
the values of the relaxation times that appear in different
kinetic coefficients, arguing that they describe indepen-
dent physical phenomena. However, such modifications
require further studies.
9IV. SUMMARY AND CONCLUSIONS
In this paper we have significantly extended the results
obtained in Ref. [44]. We used classical kinetic theory for
particles with spin 1/2 with Boltzmann statistics to ob-
tain the structure of dissipative terms and the associated
transport coefficients. We considered the relaxation time
approximation for collision term in order to account for
the interactions. This kinetic-theory framework was used
to determine the structure of spin-dependent viscous and
diffusive terms and explicitly evaluate a set of new kinetic
coefficients that characterize dissipative spin dynamics.
Our main result is given by Eq. (94), together with the
explicit expressions for the kinetic coefficients B given
in the appendices. Equation (94) shows that a non-
equilibrium part of the spin tensor is produced by the
thermodynamic forces such as expansion scalar, gradi-
ent of the ratio of chemical potential and temperature,
the shear-flow tensor, and the gradient of the spin po-
larization tensor. Thus, the spin dissipative phenomena
are connected with those leading to formation of bulk
pressure, diffusion current, and the shear stress tensor.
Probably, the most interesting term in Eq. (94) is the
last one, which describes induction of a non-equilibrium
spin tensor by a gradient of the spin polarization tensor.
In the future investigations, it would be interesting to
analyze the role played by various coeficients appearing
in Eq. (94) and to find out which kind of corrections they
imply for the spin tensor. The complicated tensor struc-
ture of the spin kinetic coefficients may lead to various
interesting phenomena.
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Appendix A: Spin-space integrals
In this appendix several integrals over the spin space are explicitly done. The results obtained here are used
throughout the paper in the calculations of the charge current, energy-momentum tensor, and the spin tensor.
1. Normalization of spin integration measure
We start with the calculation of the normalization of the spin integration measure [43]. Since it is a Lorentz invariant
quantity depending on the (external) momentum p, the calculations can be done in the particle rest frame (PRF)
where pµ = (m, 0, 0, 0) and sµ = (0, s∗),∫
dS =
m
pis
∫
d4s δ(s · s+ s2) δ(p · s) = m
pis
∫
ds0
∫
d|s∗||s∗|2
∫
dΩ δ(|s∗|2 − s2)δ(ms0). (A1)
With the normalization
∫
dΩ =
∫
sin θ dθ
∫
dφ = 4pi we obtain∫
dS =
4pi
pis
∫
d|s∗||s∗|2 δ(|s∗|2 − s2) = 2. (A2)
The factor of 2 reflects here the two possibilities of the spin-1/2 projection.
2. Spin average of sµν
While expanding the spin-dependent equilibrium distribution function in powers of ω, we encounter the integrals
of the form ∫
dS sµν =
1
m
∫
dS µναβ pαsβ =
1
m
µναβ pα
∫
dS sβ . (A3)
Since the last integral can be a function of momentum pβ only, we can write∫
dS sβ = c pβ . (A4)
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After contraction with p, this equation gives ∫
dS (p · s) = cm2, (A5)
which implies that the constant c equals zero, as p · s = 0. Hence, throughout the paper we can use the property∫
dS sµν = 0. (A6)
3. Spin average of sµνsαβ
In the second order of expansions in ω we deal with the integrals of the form∫
dS sµνsαβ =
1
m2
∫
dS µνρσ pρsσ 
αβγδ pγ sδ =
1
m2
µνρσ αβγδ pρ pγ
∫
dS sσ sδ. (A7)
Since the last integral can be a function of momenta and the metric tensor, we write∫
dS sσ sδ = a gσδ + b pσpδ, (A8)
where a and b are scalar coefficients. Multiplying Eq. (A8) by pσpδ in the first case and contracting the indices in
Eq. (A8) in the second case, we obtain two equations∫
dS (p · s)2 = am2 + bm4 (A9)
and ∫
dS s2 = 4 a+ bm2. (A10)
The left-hand sides of Eqs. (A9) and (A10) yield ∫
dS (p · s)2 = 0,
∫
dS s2 =
m
pis
∫
d4s (s · s) δ(s · s+ s2) δ(p · s)
= −m
pis
∫
ds0
∫
d|s∗||s∗|4
∫
dΩ δ(|s∗|2 − s2) δ(ms0)
= −m
pis
∫
ds0
δ(s0)
m
∫
d|s∗||s∗|4 δ(|s∗|2 − s2) 4pi
= −m
pis
4pi
m
s3
2
= −2 s2. (A11)
Thus, from Eqs. (A9) and (A10) we get
am2 + bm4 = 0, (A12)
4 a+ bm2 = −2 s2. (A13)
Solving these two equations we get a = −2 s2/3 and b = 2 s2/(3m2). Hence we have∫
dS sσ sδ = −2s
2
3
(
gσδ − pσpδ
m2
)
(A14)
and ∫
dS sµνsαβ = − 2s
2
3m2
µνρσ αβγδ pρ pγ
(
gσδ − pσpδ
m2
)
. (A15)
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Appendix B: Thermodynamic integrals
Thermodynamic integrals considered in this work are given by the following expression
I(r)nq =
1
(2q + 1)!!
∫
dP (u · p)n−2q−r(∆αβpαpβ)qe−β·p. (B1)
From the above formula, as the special cases, we obtain:
I
(0)
10 =
T 3z2
2pi2
K2(z), (B2)
I
(0)
20 =
T 4z2
2pi2
[3K2(z) + zK1(z)] , (B3)
I
(0)
21 = −
T 4z2
2pi2
K2(z), (B4)
I
(0)
30 =
T 5z5
32pi2
[K5(z) +K3(z)− 2K1(z)] , (B5)
I
(0)
31 = −
T 5z5
96pi2
[K5(z)− 3K3(z) + 2K1(z)] , (B6)
I
(0)
40 =
T 6z6
64pi2
[K6(z) + 2K4(z)−K2(z)− 2K0(z)] , (B7)
I
(0)
41 = −
T 6z6
192pi2
[K6(z)− 2K4(z)−K2(z) + 2K0(z)] , (B8)
I
(0)
42 =
T 6z6
960pi2
[K6(z)− 6K4(z) + 15K2(z)− 10K0(z)] . (B9)
Here Kn(z) denotes the modified Bessel functions of the second kind with the argument z = m/T . They are defined
by the integral
Kn(z) =
∫ ∞
0
dx cosh(nx) e−z cosh x. (B10)
The other thermodynamic integrals which are needed in our calculation are given by the expressions
I
(1)
21 = −
T 3z3
6pi2
[
1
4
K3(z)− 5
4
K1(z) +Ki,1(z)
]
, (B11)
I
(1)
42 =
T 5z5
480pi2
[
22K1(z)− 7K3(z) +K5(z)− 16Ki,1(z)
]
, (B12)
where
Ki,1(z) =
∫ ∞
0
dx sechx e−z cosh x =
pi
2
[
1− z K0(z)L−1(z)− z K1(z)L0(z)
]
(B13)
is the first-order Bickley-Naylor function with Li being the modified Struve function.
Note that here we have not listed the functions I
(1)
20 , I
(1)
30 , I
(1)
31 , I
(1)
40 , I
(1)
50 , I
(1)
51 and I
(1)
52 as they all can be written in
terms of the integrals listed above, using the following recurrence relations
I(r)n,q = I
(r−1)
n−1,q; n ≥ 2q, (B14)
I(0)n,q =
1
β
[
(n− 2q)I(0)n−1,q − I(0)n−1,q−1
]
, (B15)
I˙(0)n,q = −β˙I(0)n+1,q . (B16)
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Appendix C: Properties of the projection operators
Herein we list useful relations involving the projection operators and the differential operator ∇µ ≡ ∆µν∂ν :
∆µν∆
µν = 3, uµ∆
µν = uµ∆
νµ = 0, ∆µν∆λν = ∆
µλ, uµ∇µ = 0, (C1)
∆αβµν =
1
2
(
∆αµ∆
β
ν + ∆
α
ν∆
β
µ −
2
3
∆αβ∆µν
)
, (C2)
uµ∆αβµν = u
µ∆αβνµ = uα∆
αβ
µν = uα∆
βα
µν = 0, (C3)
∆µν∆αβµν = ∆µν∆
µν
αβ = 0, (C4)
∆µλ∆αβµν = ∆
αβλ
ν , (C5)
∆αβλρ∇ρuλ = 1
2
(
∆αλ∆βρ + ∆αρ∆βλ − 2
3
∆αβ∆λρ
)
∇ρuλ = 1
2
(
∇βuα +∇αuβ − 2
3
∆αβ∇λuλ
)
≡ σαβ . (C6)
Appendix D: Calculation of the dissipative corrections δTµν , δNν , δSλ,µν
1. Dissipative corrections δNν
The dissipative part of the baryon current can be written as
δNµ =
∫
dP dS pµ
(
δf+s − δf−s
)
. (D1)
From Eq. (41) we obtain
δf+s − δf−s = −
τeq
u · pe
+ξ−β·p
[(
1 +
1
2
sαβω
αβ
)(
pµ∂µξ − pλpµ∂µβλ
)
+
1
2
sαβp
µ∂µω
αβ
]
− τeq
u · pe
−ξ−β·p
[(
1 +
1
2
sαβω
αβ
)(
pµ∂µξ + p
λpµ∂µβλ
)− 1
2
sαβp
µ∂µω
αβ
]
= −2τeq
u · pe
−β·p
[(
1 +
1
2
sαβω
αβ
)(
cosh ξ pµ ∂µξ − sinh ξ pλ pµ ∂µβλ
)
+
1
2
sinh ξ sαβ p
µ ∂µω
αβ
]
. (D2)
Substituting Eq. (D2) into Eq. (D1) we get
δNµ = −2τeq
∫
dP dS
pµ
u · p e
−β·p
[(
1 +
1
2
sαβω
αβ
)(
cosh ξ pρ ∂ρξ − sinh ξ pλ pρ ∂ρβλ
)
+
1
2
sinh ξ sαβ p
ρ ∂ρω
αβ
]
. (D3)
Now using Eqs. (A2) and (A6) we can easily carry out the integration over spin variables, therefore,
δNµ = −4 τeq
∫
dP
pµ
u · pe
−β·p
[
cosh ξ pρ ∂ρξ − sinh ξ pλ pρ ∂ρβλ
]
= −4 τeq cosh ξ ∂ρξ
∫
dP
pµ pρ
u · p e
−β·p + 4 τeq sinh ξ ∂ρβλ
∫
dP
pµ pλ pρ
u · p e
−β·p. (D4)
Momentum integration can be carried out using the following useful integral formulas,
Iµ1µ2 ... µn(r) =
∫
dP
(u · p)r
(
pµ1pµ2 ... pµne−β·p
)
= I
(r)
n0 u
µ1uµ2 ... uµn + I
(r)
n1 (∆
µ1µ2uµ3uµ4 ... uµn + permutations) + ... . (D5)
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Thus, in the cases which are of interest for us, the formula (D5) gives:
Iµρ(r) = I
(r)
20 u
µuρ + I
(r)
21 ∆
µρ, (D6)
Iµνρ(r) = I
(r)
30 u
µuνuρ + I
(r)
31 (∆
µνuρ + ∆µρuν + ∆νρuµ) , (D7)
Iµνλρ(r) = I
(r)
40 u
µuνuλuρ + I
(r)
41
(
∆µνuλuρ + ∆µλuνuρ + ∆νλuµuρ + ∆µρuνuλ + ∆νρuµuλ + ∆λρuµuν
)
+ I
(r)
42
(
∆µν∆λρ + ∆µλ∆νρ + ∆µρ∆νλ
)
, (D8)
Iµνλρσ(r) = I
(r)
50 u
µuνuλuρuσ + I
(r)
51
(
∆µνuλuρuσ + ∆µλuνuρuσ + ∆νλuµuρuσ + ∆µρuνuλuσ + ∆νρuµuλuσ
+ ∆µσuνuλuρ + ∆νσuµuλuρ + ∆λρuµuνuσ + ∆λσuµuνuρ + ∆ρσuµuνuλ
)
+ I
(r)
52
[
uµ
(
∆νλ∆ρσ + ∆νρ∆λσ + ∆νσ∆λρ
)
+ uν
(
∆µλ∆ρσ + ∆µρ∆λσ + ∆µσ∆λρ
)
+uλ (∆µν∆ρσ + ∆µρ∆νσ + ∆µσ∆νρ) + uρ
(
∆µν∆λσ + ∆µλ∆νσ + ∆µσ∆νλ
)
+uσ
(
∆µν∆λρ + ∆µλ∆νρ + ∆µρ∆νλ
) ]
. (D9)
Using the integral formula (D5) in Eq. (D4) we get
δNµ = −4τeq cosh ξ Iµρ(1) ∂ρξ + 4τeq sinh ξ Iµλρ(1) ∂ρβλ,
= −4τeq cosh ξ
(
I
(1)
20 u
µuρ + I
(1)
21 ∆
µρ
)
∂ρξ + 4τeq sinh ξ
[
I
(1)
30 u
µuλuρ + I
(1)
31
(
∆µλuρ + ∆µρuλ + ∆λρuµ
)]
∂ρβλ.
(D10)
One can express the space-like (transverse) derivative operator as
∇ρ = ∆αρ∂α = (gαρ − uρuα)∂α = ∂ρ − uρD. (D11)
Using Eq. (D11) we can write
∂ρξ = (∇ρ + uρD) ξ = ∇ρξ + uρξ˙, (D12)
∂ρω
µν = (∇ρ + uρD)ωµν = ∇ρωµν + uρω˙µν , (D13)
∂ρβλ = ∂ρ(βuλ) = β∂ρuλ + uλ∂ρβ. (D14)
Again using Eq. (D11) in Eq. (D14) we get
∂ρβλ = β (∇ρ + uρD)uλ + uλ (∇ρ + uρD)β = β∇ρuλ + βuρu˙λ + uλ∇ρβ + uλuρβ˙. (D15)
Using Eqs. (D12) and (D15) in Eq. (D10) one gets
δNµ = −4τeq cosh ξ
(
I
(1)
20 u
µuρ + I
(1)
21 ∆
µρ
)(
∇ρξ + uρξ˙
)
+ 4τeq sinh ξ
[
I
(1)
30 u
µuλuρ
+ I
(1)
31
(
∆µλuρ + ∆µρuλ + ∆λρuµ
) ] (
β∇ρuλ + βuρu˙λ + uλ∇ρβ + uλuρβ˙
)
. (D16)
2. Dissipative corrections δTµν
The dissipative part of the energy-momentum tensor can be written as
δTµν =
∫
dP dS pµpν
(
δf+s + δf
−
s
)
. (D17)
From Eq. (41) we find the sum of the out-of-equilibrium corrections to the distribution functions for particles and
antiparticles
δf+s + δf
−
s = −
τeq
u · pe
+ξ−β·p
[(
1 +
1
2
sαβω
αβ
)(
pρ∂ρξ − pλpρ∂ρβλ
)
+
1
2
sαβp
ρ∂ρω
αβ
]
+
τeq
u · pe
−ξ−β·p
[(
1 +
1
2
sαβω
αβ
)(
pρ∂ρξ + p
λpρ∂ρβλ
)− 1
2
sαβp
ρ∂ρω
αβ
]
= −2τeq
u · pe
−β·p
[(
1 +
1
2
sαβω
αβ
)(
sinh ξ pρ ∂ρξ − cosh ξ pλ pρ ∂ρβλ
)
+
1
2
cosh ξ sαβ p
ρ ∂ρω
αβ
]
. (D18)
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Substituting Eq. (D18) in Eq. (D17), we obtain
δTµν = −2 τeq
∫
dP dS
pµpν
u · p e
−β·p
[(
1 +
1
2
sαβω
αβ
)(
sinh ξ pρ∂ρξ − cosh ξ pλpρ∂ρβλ
)
+
1
2
cosh ξsαβp
ρ∂ρω
αβ
]
. (D19)
Integration over spin variables and using Eqs. (A2) and (A6) leads to
δTµν = −4τeq
∫
dP
pµpν
u · p e
−β·p (sinh ξpρ ∂ρξ − cosh ξpλpρ ∂ρβλ)
= −4τeq sinh ξ ∂ρξ
∫
dP
pµ pν pρ
u · p e
−β·p + 4τeq cosh ξ ∂ρβλ
∫
dP
pµpνpλpρ
u · p e
−β·p. (D20)
Using the integral formula (D5) in the above equation we obtain
δTµν = −4 τeq sinh ξ Iµνρ(1) ∂ρξ + 4 τeq cosh ξ Iµνλρ(1) ∂ρβλ. (D21)
Subsequently, using Eqs. (D7) and (D8), we find
δTµν = −4τeq sinh ξ ∂ρξ
[
I
(1)
30 u
µuνuρ + I
(1)
31 (∆
µνuρ + ∆µρuν + ∆νρuµ)
]
+ 4τeq cosh ξ ∂ρβλ
[
I
(1)
40 u
µuνuλuρ
+ I
(1)
41
(
∆µνuλuρ + ∆µλuνuρ + ∆νλuµuρ + ∆µρuλuν + ∆νρuλuµ + ∆λρuµuν
)
+ I
(1)
42
(
∆µν∆λρ + ∆µλ∆νρ + ∆µρ∆νλ
) ]
. (D22)
Furthermore, using Eqs. (D12) and (D15) in the above equation we get
δTµν = −4τeq sinh ξ
[
I
(1)
30 u
µuνuρ + I
(1)
31 (∆
µνuρ + ∆µρuν + ∆νρuµ)
] (
∇ρξ + uρξ˙
)
+ 4τeq cosh ξ
[
I
(1)
40 u
µuνuλuρ
+ I
(1)
41
(
∆µνuλuρ + ∆µλuνuρ + ∆νλuµuρ + ∆µρuλuν + ∆νρuλuµ + ∆λρuµuν
)
+ I
(1)
42
(
∆µν∆λρ + ∆µλ∆νρ + ∆µρ∆νλ
) ] (
β∇ρuλ + βuρu˙λ + uλ∇ρβ + uλuρβ˙
)
. (D23)
3. Dissipative corrections δSλ,µν
Dissipative part of the spin-tensor is given by the formula
δSλ,µν =
∫
dP dS pλ sµν(δf+s + δf
−
s ). (D24)
Using Eq. (D18) in Eq. (D24) one gets
δSλ,µν =−2τeq
∫
dP dS
pλ sµν
u · p e
−β·p
[(
1+
1
2
sαβ ω
αβ
)(
sinh ξ pρ ∂ρξ − cosh ξ pκpρ ∂ρβκ
)
+
1
2
cosh ξ sαβ p
ρ ∂ρω
αβ
]
. (D25)
With the help of Eqs. (A6) and (A15) the integration over the spin degrees of freedom in the above equation can be
easily performed giving
δSλ,µν = −4s
2τeq
3m2
∫
dP
pλ
u · pe
−β·p
(
sinh ξ pρ ∂ρξ − cosh ξ pκ pρ ∂ρβκ + cosh ξ pρ ∂ρ
)(
m2ωµν + 2 pα p[µ ων]α
)
. (D26)
The above equation can further be written as a sum of six terms
δSλ,µν = − 4 s
2
3
τeq sinh ξ ∂ρξ
∫
dP
pλ pρ ωµν
u · p e
−β·p︸ ︷︷ ︸
I
+
4 s2
3
τeq cosh ξ ∂ρβκ
∫
dP
pλ pκ pρ ωµν
u · p e
−β·p︸ ︷︷ ︸
II
− 4 s
2
3
τeq cosh ξ ∂ρω
µν
∫
dP
pλpρ
u · p e
−β·p︸ ︷︷ ︸
III
− 8 s
2
3m2
τeq sinh ξ ∂ρξ
∫
dP
pλ pρ pα p[µ ω
ν]
α
u · p e
−β·p︸ ︷︷ ︸
IV
+
8 s2
3m2
τeq cosh ξ ∂ρβκ
∫
dP
pλ pκ pρ pα p[µ ω
ν]
α
u · p e
−β·p︸ ︷︷ ︸
V
− 8 s
2
3m2
τeq cosh ξ
∫
dP
pλ pρ pα p[µ ∂ρω
ν]
α
u · p e
−β·p︸ ︷︷ ︸
V I
. (D27)
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Now we evaluate one by one each of the terms appearing in this expression.
Term I:
I =
4 s2
3
τeq sinh ξ ∂ρξ ω
µν
∫
dP
pλ pρ
u · p e
−β·p. (D28)
Using Eqs. (D12), (D5) and (D6), we can get
I =
4 s2
3
τeq sinh ξ (∇ρξ + uρξ˙)ωµνIλρ(1)
=
4 s2
3
τeq sinh ξ(∇ρξ + ξ˙uρ)ωµν
(
I
(1)
20 u
λuρ + I
(1)
21 ∆
λρ
)
=
4 s2
3
τeq sinh ξω
µν
(
I
(1)
21 ∇λξ + ξ˙uλ I(1)20
)
. (D29)
Term II:
II =
4 s2
3
τeq cosh ξ ∂ρβκ
∫
dP
pλ pκ pρ ωµν
u · p e
−β·p. (D30)
Using Eqs. (D15), (D5), and (D7) this term can be written as
II =
4 s2
3
τeq cosh ξ ω
µν
(
β∇ρuκ+βuρu˙κ+uκ∇ρβ+uκuρβ˙
)[
I
(1)
30 u
λuκuρ+I
(1)
31
(
∆λκuρ + ∆λρuκ + ∆κρuλ
)]
. (D31)
This expression simplifies to
II =
4 s2
3
τeq cosh ξ ω
µν
[
I
(1)
30 β˙u
λ + I
(1)
31
(
βuλθ + βu˙λ +∇λβ)] . (D32)
Term III:
III =
4 s2
3
τeq cosh ξ ∂ρω
µν
∫
dP
pλ pρ
u · p e
−β·p. (D33)
Using Eqs. (D13), (D5), and (D6) we can write
III =
4 s2
3
τeq cosh ξ (∇ρωµν + uρω˙µν) Iλρ(1)
=
4 s2
3
τeq cosh ξ (∇ρωµν + uρω˙µν)
(
I
(1)
20 u
λuρ + I
(1)
21 ∆
λρ
)
=
4 s2
3
τeq cosh ξ
(
I
(1)
21 ∇λωµν + I(1)20 uλω˙µν
)
. (D34)
Term IV:
IV =
8 s2
3m2
τeq sinh ξ ∂ρξ
∫
dP
pλ pρ pα p[µ ω
ν]
α
u · p e
−β·p. (D35)
Using Eqs. (D12), (D5), and (D8) we find
IV =
8 s2
3m2
τeq sinh ξ (∇ρξ + uρξ˙)Iλρα[µ(1) ων]α
=
8 s2
3m2
τeq sinh ξ (∇ρξ + uρξ˙)
[
I
(1)
40 u
λuρuαu[µ + I
(1)
41
(
∆λρuαu[µ + ∆λαuρu[µ + ∆λ[µuρuα
+ ∆ραuλu[µ + ∆ρ[µuλuα + ∆α[µuλuρ
)
+ I
(1)
42
(
∆λρ∆α[µ + ∆λα∆ρ[µ + ∆λ[µ∆ρα
)]
ων]α
=
8 s2
3m2
τeq sinh ξ
[
I
(1)
41
(
uαu[µων]α∇λξ + uλu[µων]α∇αξ + uλuαω[να∇µ]ξ
)
+ I
(1)
42
(
∆α[µων]α∇λξ + ∆λαω[να∇µ]ξ + ∆λ[µων]α∇αξ
)
+ ξ˙
{
I
(1)
40 u
λuαu[µων]α + I
(1)
41
(
∆λαu[µων]α + ∆
λ[µuαων]α + ∆
α[µuλων]α
)}]
. (D36)
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Term V:
V =
8 s2
3m2
τeq cosh ξ ∂ρβκ
∫
dP
pλ pκ pρ pα p[µω
ν]
α
u · p e
−β·p. (D37)
Using Eqs. (D15), (D5) and (D9) this term can be written as
V =
8 s2
3m2
τeq cosh ξ
(
β∇ρuκ + βuρu˙κ + uκ∇ρβ + uκuρβ˙
)
I
λκρα[µ
(1) ω
ν]
α
=
8 s2
3m2
τeq cosh ξ
(
β∇ρuκ + βuρu˙κ + uκ∇ρβ + uκuρβ˙
)[
I
(1)
50 u
λuκuρuαu[µ + I
(1)
51
(
∆λκuρuαu[µ + ∆λρuκuαu[µ
+ ∆λαuκuρu[µ + ∆λ[µuκuρuα + ∆κρuλuαu[µ + ∆καuλuρu[µ + ∆κ[µuλuρuα + ∆ραuλuκu[µ + ∆ρ[µuλuκuα
+ ∆α[µuλuκuρ
)
+ I
(1)
52
{
uλ
(
∆κρ∆α[µ + ∆κα∆ρ[µ + ∆κ[µ∆ρα
)
+ uκ
(
∆λρ∆α[µ + ∆λα∆ρ[µ + ∆λ[µ∆ρα
)
+uρ
(
∆λκ∆α[µ + ∆λα∆κ[µ + ∆λ[µ∆κα
)
+ uα
(
∆λκ∆ρ[µ + ∆λρ∆κ[µ + ∆λ[µ∆κρ
)
+u[µ
(
∆λκ∆ρα + ∆λρ∆κα + ∆λα∆κρ
)}]
ων]α
=
8 s2
3m2
τeq cosh ξ
[
I
(1)
50 β˙u
λuαu[µων]α + I
(1)
51
(
βθuλuαu[µων]α + βu˙
λuαu[µων]α + βu˙
αuλu[µων]α + βu˙
[µuλuαων]α
+uαu[µων]α∇λβ + uλu[µων]α∇αβ + uλuαω[να∇µ]β + β˙∆λαu[µων]α + β˙∆λ[µuαων]α + β˙∆α[µuλων]α
)
+ I
(1)
52
(
βθuλ∆α[µων]α + βu
λω[να∇µ]uα + βuλω[να∇αuµ] + βuαω[να∇µ]uλ + βuαω[να∇λuµ] + uα∆λ[µων]α β θ
+βu[µων]α∇αuλ + βu[µων]α∇λuα + βθu[µ∆λαων]α + βu˙λ∆α[µων]α + β∆λαu˙[µων]α + βu˙α∆λ[µων]α
+ ∆α[µων]α∇λβ + ∆λαω[να∇µ]β + ∆λ[µων]α∇αβ
)]
. (D38)
Term VI:
V I =
8 s2
3m2
τeq cosh ξ
∫
dP
pλ pρ pα p[µ ∂ρ ω
ν]
α
u · p e
−β·p. (D39)
Using Eqs. (D13), (D5) and (D8) we obtain
V I =
8 s2
3m2
τeq cosh ξ I
λρα[µ
(1) ∂ρω
ν]
α
=
8 s2
3m2
τeq cosh ξ
[
I
(1)
40 u
λuρuαu[µ + I
(1)
41
(
∆λρuαu[µ + ∆λαuρu[µ + ∆λ[µuρuα + ∆ραuλu[µ + ∆ρ[µuλuα
+ ∆α[µuλuρ
)
+ I
(1)
42
(
∆λρ∆α[µ + ∆λα∆ρ[µ + ∆λ[µ∆ρα
)](
∇ρων]α + uρω˙ν]α
)
=
8 s2
3m2
τeq cosh ξ
[
I
(1)
40 u
λuαu[µω˙ν]α + I
(1)
41
(
uαu[µ∇λων]α + uλu[µ∇αων]α + uλuα∇[µων]α + ∆λαu[µω˙ν]α
+ ∆λ[µuαω˙ν]α + ∆
α[µuλω˙ν]α
)
+ I
(1)
42
(
∆α[µ∇λων]α + ∆λα∇[µων]α + ∆λ[µ∇αων]α
)]
. (D40)
Now substituting Eqs. (D29), (D32), (D34), (D36), (D38), and (D40) into Eq. (D27) one can obtain the following
17
expression for the dissipative correction to the spin tensor
δSλ,µν =
4 s2
3
τeq
[
− sinh ξ
{
I
(1)
21 ω
µν ∇λξ + I(1)20 ξ˙ uλ ωµν +
2
m2
(
I
(1)
41
(
uαu[µων]α∇λξ + uλu[µων]α∇αξ + uλuαω[να∇µ]ξ
)
+ I
(1)
42
(
∆α[µων]α∇λξ + ∆λαω[να∇µ]ξ + ∆λ[µων]α∇αξ
)
+ ξ˙ I
(1)
40 u
λuαu[µων]α
+ ξ˙ I
(1)
41
(
∆λαu[µων]α + ∆
λ[µuαων]α + ∆
α[µuλων]α
))}
+ cosh ξ
{
I
(1)
30 β˙ u
λωµν + I
(1)
31
(
β θ uλ + β u˙λ +∇λβ)ωµν + 2
m2
β˙ I
(1)
50 u
λuαu[µων]α
+
2
m2
I
(1)
51
(
β θ uλuαu[µων]α +
(
β u˙λ +∇λβ)uαu[µων]α + (β u˙α +∇αβ)uλu[µων]α
+
(
β u˙[µ +∇[µβ
)
ων]αu
λuα + β˙
(
∆λαu[µων]α + ∆
λ[µuαων]α + ∆
α[µuλων]α
))
+
2
m2
I
(1)
52
(
β θ uλ∆α[µων]α + βu
λω[να∇µ]uα + βuλω[να∇αuµ] + β uαω[να∇µ]uλ + β uαω[να∇λuµ] + uα∆λ[µων]αβ θ
+ β u[µων]α∇αuλ + β u[µων]α∇λuα + βθu[µ∆λαων]α + ∆α[µ
(
β u˙λ +∇λβ)ων]α + ∆λα (βu˙[µ +∇[µβ)ων]α
+ ∆λ[µ (β u˙α +∇αβ)ων]α
)
−
(
I
(1)
21 ∇λωµν + I(1)20 uλ ω˙µν
)
− 2
m2
(
I
(1)
40 u
λuαu[µω˙ν]α
+ I
(1)
41
(
uαu[µ∇λων]α + uλu[µ∇αων]α + uλuα∇[µων]α + ∆λαu[µω˙ν]α + ∆λ[µuαω˙ν]α + ∆α[µuλω˙ν]α
)
+ I
(1)
42
(
∆α[µ∇λων]α + ∆λα∇[µων]α + ∆λ[µ∇αων]α
))}]
. (D41)
Appendix E: Eliminating ξ˙, β˙, u˙µ and ω˙µν from δSλ,µν
Note that the derivation of equations that specify the convective derivatives ξ˙, β˙, and u˙µ has already been done
in Sec. III C and our results are reported in Eqs. (73), (74), and (81). Here we present important steps needed for
derivation of the dynamical equation for ω˙µν . Substituting Eq. (83) in Eq. (66) we can get
ω˙µν = − 1(
I
(0)
10 − 2m2 I(0)31
) (I(0)10 θ ωµν + I(0)10 ξ˙ωµν tanh ξ + I˙(0)10 ωµν)
− 2(
m2 I
(0)
10 − 2 I(0)31
)[ tanh ξ ((I(0)30 − 3I(0)31 ) ξ˙uαu[µων]α + I(0)31 ∂λξ (u[µων]λ − ωµνuλ + uαgλ[µων]α))
+
(
I˙
(0)
30 − 3I˙(0)31
)
uαu[µων]α +
(
u[µων]λ ∂λI
(0)
31 − I˙(0)31 ωµν + uαgλ[µων]α ∂λI(0)31
)
+
(
I
(0)
30 − 3I(0)31
)
θ uαu[µων]α +
(
I
(0)
30 − 3I(0)31
)
u˙αu[µων]α +
(
I
(0)
30 − 3I(0)31
)
uαu˙[µων]α
+
(
I
(0)
30 − 3I(0)31
)
uαu[µω˙ν]α + I
(0)
31
(
ω[νλ∂λu
µ] + u[µ∂λω
ν]λ − θ ωµν + gλ[µων]α∂λuα + uα∂[µων]α
)]
. (E1)
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Using the relations I˙
(0)
10 = −β˙I(0)20 , I˙(0)30 = −β˙I040, I˙(0)31 = −β˙I(0)41 , ∂λI(0)30 = − (∂λβ) I(0)40 , ∂λI(0)31 = −(∂λβ)I(0)41 and
substituting ∂λ = ∇λ + uλD in the above equation we obtain
ω˙µν = − 2(
m2 I
(0)
10 − 2 I(0)31
) (I(0)30 − I(0)31 )uαu[µω˙ν]α − 1(
I
(0)
10 − 2m2 I(0)31
) (I(0)10 θ ωµν + I(0)10 ξ˙ωµν tanh ξ − β˙I(0)20 ωµν)
− 2(
m2 I
(0)
10 − 2 I(0)31
)[ tanh ξ (I(0)30 − 3I(0)31 ) ξ˙ uαu[µων]α + tanh ξ I(0)31 (∇λξ + ξ˙uλ)(u[µων]λ − ωµνuλ + uαgλ[µων]α)
− β˙
(
I
(0)
40 − 3I(0)41
)
uαu[µων]α −
((
∇λβ + β˙uλ
)
I
(0)
41 u
[µων]λ − β˙I(0)41 ωµν +
(
∇λβ + β˙uλ
)
I
(0)
41 u
αgλ[µων]α
)
+
(
I
(0)
30 − 3I(0)31
)
θ uαu[µων]α +
(
I
(0)
30 − 2I(0)31
)
u˙αu[µων]α +
(
I
(0)
30 − 2I(0)31
)
uαu˙[µων]α
+ I
(0)
31
(
ω[νλ∇λuµ] + u[µ∇λων]λ − θ ωµν + ω[να∇µ]uα + uα∇[µων]α
)]
. (E2)
We first eliminate uα
(
u[µω˙ν]α
)
from the above expression. Contracting the resulting equation with uν and using
I
(0)
30 − 2I(0)31 = −βI(0)41 , I(0)30 − I(0)31 = I(0)31 − βI(0)41 at appropriate places we obtain
uν ω˙
µν = − m
2
m2I
(0)
10 −
(
I
(0)
30 + I
(0)
31
) (I(0)10 θ ωµνuν + I(0)10 ξ˙ ωµν tanh ξ uν − I(0)20 β˙ ωµν uν)
− 1
m2I
(0)
10 −
(
I
(0)
30 + I
(0)
31
)[− tanh ξ (I(0)30 + I(0)31 ) ξ˙ ωµνuν − tanh ξI(0)31 ∆µνωνλ∇λξ
+ β˙
(
I
(0)
40 + I
(0)
41
)
ωµν uν + (β u˙
α +∇αβ) I(0)41 ∆µνωνα
+
((
I
(0)
41 β − I(0)31
)
θ ωµνuν + I
(0)
31
(
ωνλuν∇λuµ −∆µν∇λωνλ + uνωνα∇µuα + uαuν∇µωνα
)) ]
. (E3)
Now eliminating ξ˙, β˙, and u˙µ (with the help of Eqs. (73), (74) and (81)) the above equation can be written as
uν ω˙
µν = CµΠθ + C
µ
nλ∇λξ + Cpiα σαµ + CµΣν∇λωνλ. (E4)
Various C−coefficients appearing in the above equation are as follows:
CµΠ = CΠ uν ω
µν , (E5)
Cµnλ = Cn ∆
µ
ν ω
ν
λ, (E6)
Cpiα = Cpi uν ω
ν
α, (E7)
CµΣν = CΣ ∆
µ
ν , (E8)
where
CΠ = − 1
m2I
(0)
10 −
(
I
(0)
30 + I
(0)
31
)[m2ξθ tanh ξI(0)10 −m2 βθ I(0)20 +m2 I(0)10 − tanh ξ (I(0)30 + I(0)31 ) ξθ
+βθ
(
I
(0)
40 + I
(0)
41
)
+ β I
(0)
41 −
5
3
I
(0)
31
]
, (E9)
Cn =
tanh ξ
m2 I
(0)
10 −
(
I
(0)
30 + I
(0)
31
) (I(0)31 − n0I(0)41ε0 + P0
)
, (E10)
Cpi = − 2I
(0)
31
m2 I
(0)
10 −
(
I
(0)
30 + I
(0)
31
) , (E11)
CΣ =
I
(0)
31
m2 I
(0)
10 −
(
I
(0)
30 + I
(0)
31
) . (E12)
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Using Eq. (E4) and the recurrence relation I
(0)
30 − 2I(0)31 = −βI(0)41 in (E2) and then eliminating ξ˙, β˙, and u˙µ (using
Eqs. (73), (74), and (81)) we obtain
ω˙µν = DµνΠ θ +D
[µν]
n α (∇αξ) +D[νpi λσλµ] +DαΣ1∇[µων]α +D[µν]αΣ2 ∇λωαλ. (E13)
The various D-coefficients appearing in the above equation are given by the following expressions
DµνΠ = DΠ1ω
µν +DΠ2u
αu[µων]α, (E14)
D[µν]n α = −Dn1
(
u[µων]α + g
[µ
αu
κων]κ
)
−Dn2u[µ∆ν]ρωρα, (E15)
D[µpi λ = −ω[µλ
4I
(0)
31
(m2 I
(0)
10 − 2I(0)31 )
− u[µuαωαλ 4(I
(0)
30 − I(0)31 )I(0)31
(m2 I
(0)
10 − 2 I(0)31 )
[
m2 I
(0)
10 − (I(0)30 + I(0)31 )
] , (E16)
DαΣ1 = −uα
2 I
(0)
31
(m2 I
(0)
10 − 2 I(0)31 )
, (E17)
D
[µν]α
Σ2 = −u[µgν]α
2 I
(0)
31(
m2 I
(0)
10 − 2 I(0)31
) − u[µ∆ν]α 2 (I(0)30 − I(0)31 )I(0)31(
m2 I
(0)
10 − 2 I(0)31
) [
m2 I
(0)
10 −
(
I
(0)
30 + I
(0)
31
)] , (E18)
where
DΠ1 = − 1(
I
(0)
10 − 2m2 I(0)31
) (ξθ tanh ξ I(0)10 − βθI(0)20 + I(0)10 − 2m2 ξθ tanh ξ I(0)31 + 2βθ I
(0)
41
m2
− 10I
(0)
31
3m2
)
, (E19)
DΠ2 =
2
m2 I
(0)
10 − 2 I(0)31
[
βθ
(
I
(0)
40 − I(0)41
)
− ξθ
(
I
(0)
30 − I(0)31
)
tanh ξ −
(
I
(0)
30 −
11
3
I
(0)
31
)
+
(
I
(0)
30 − I(0)31
)
m2 I
(0)
10 − I(0)30 − I(0)31
×
(
m2 ξθ tanh ξ I
(0)
10 −m2βθ I(0)20 +m2I(0)10 − ξθ
(
I
(0)
30 + I
(0)
31
)
tanh ξ + βθ
(
I
(0)
40 + I
(0)
41
)
+ βI
(0)
41 −
5
3
I
(0)
31
)]
, (E20)
Dn1 =
2 tanh ξ(
m2 I
(0)
10 − 2 I(0)31
) (I(0)31 − n0 I(0)41ε0 + P0
)
, (E21)
Dn2 =
tanh ξ
m2I
(0)
10 −
(
I
(0)
30 + I
(0)
31
) (I(0)31 − n0I(0)41ε0 + P0
)
2
(
I
(0)
30 − I(0)31
)
(
m2 I
(0)
10 − 2 I(0)31
) . (E22)
Using Eqs. (73), (74), (81), (E4), (E13), and (D41), we finally obtain
δSλ,µν = τeq
[
Bλ,µνΠ θ +B
λκ,µν
n (∇κξ) +Bλκδ,µνpi σκδ +Bηβγλ,µνΣ ∇ηωβγ
]
, (E23)
where different coefficients appearing on the right-hand side of Eq. (E23) are the kinetic coefficients for spin-related
phenomena. These coefficients are listed in Eqs. (95), (96), (97), and (98) where:
B
(1)
Π =
4 s2
3
(
− 2
m2
ξθ sinh ξ I
(1)
41 +
2
m2
I
(1)
51 βθ cosh ξ +
10
3m2
I
(1)
52 β cosh ξ −
2
m2
I
(1)
41 cosh ξ DΠ1
)
, (E24)
B
(2)
Π =
4 s2
3
[
− 2
m2
ξθ sinh ξI
(1)
40 +
4
m2
ξθ sinh ξ I
(1)
41 +
2
m2
I
(1)
50 βθ cosh ξ +
2
m2
I
(1)
51 β cosh ξ −
4
m2
I
(1)
51 βθ cosh ξ
− 20
3m2
I
(1)
52 β cosh ξ −
(
I
(1)
20 −
3
m2
I
(1)
41
)
cosh ξ DΠ2 − 2
m2
(
I
(1)
40 − 2 I(1)41
)
cosh ξ CΠ
]
, (E25)
B
(3)
Π =
4 s2
3
(
− 2
m2
ξθ sinh ξI
(1)
41 +
2
m2
I
(1)
51 βθ cosh ξ +
10
3m2
I
(1)
52 β cosh ξ −
2
m2
I
(1)
41 cosh ξ CΠ
)
, (E26)
20
B(1)pi =
16 s2
3m2
β cosh ξ I
(0)
42 , (E27)
B(2)pi =
16 s2
3m2
cosh ξ
(
β I
(0)
42 −
I
(1)
41 I
(0)
31
m2 I
(0)
10 − 2 I(0)31
)
, (E28)
B(3)pi =
16 s2
3m2
cosh ξ
(
I
(1)
41 I
(0)
31
m2 I
(0)
10 − 2 I(0)31
)
, (E29)
B(4)pi =
16 s2
3m2
cosh ξ
 I(1)41 I(0)31
m2I
(0)
10 −
(
I
(0)
30 + I
(0)
31
)
 , (E30)
B(1)n =
4s2
3m2
cosh ξ
[
− tanh ξ
(
m2 I
(1)
21 − 2 I(1)42
)
+
(
n0 tanh(ξ)
ε0 + P0
)(
m2 I
(1)
31 − 2 I(1)52
)]
, (E31)
B(2)n =
8s2
3m2
cosh ξ
[
− tanh ξ
(
I
(1)
41 − I(1)42
)
+
(
n0 tanh ξ
ε0 + P0
)(
I
(1)
51 − I(1)52
)
− I
(1)
41 tanh ξ(
m2 I
(0)
10 − 2 I(0)31
)(I(0)31 − n0I(0)41ε0 + P0
)]
, (E32)
B(3)n =
8s2
3m2
cosh ξ
[
− tanh ξ I(1)42 +
(
n0 tanh ξ
ε0 + P0
)
I
(1)
52
]
, (E33)
B(4)n =
8s2
3m2
cosh ξ
 I(1)41 tanh ξ(
m2I
(0)
10 − 2I(0)31
) (I(0)31 − n0I(0)41ε0 + P0
) , (E34)
B(5)n =
8s2
3m2
cosh ξ
[
− tanh ξ I(1)42 +
(
n0 tanh ξ
ε0 + P0
)
I
(1)
52 −
I
(1)
41 tanh ξ
m2 I
(0)
10 −
(
I
(0)
30 + I
(0)
31
) (I(0)31 − n0I(0)41ε0 + P0
)]
, (E35)
B(6)n =
8s2
3m2
cosh ξ
[
I
(1)
41 tanh ξ
m2 I
(0)
10 −
(
I
(0)
30 + I
(0)
31
) (I(0)31 − n0I(0)41ε0 + P0
)]
, (E36)
B
(1)
Σ = −
4s2
3
cosh ξ I
(1)
21 , (E37)
B
(2)
Σ = −
8s2
3m2
cosh ξ
(
I
(1)
41 +
I
(1)
41 I
(0)
31
m2I
(0)
10 − 2I(0)31
)
, (E38)
B
(3)
Σ = −
8s2
3m2
cosh ξ I
(1)
42 , (E39)
B
(4)
Σ = −
8s2
3m2
cosh ξ
 I(1)41 I(0)31
m2I
(0)
10 −
(
I
(0)
30 + I
(0)
31
)
 , (E40)
B
(5)
Σ =
8s2
3m2
cosh ξ
(
I
(1)
41 I
(0)
31
m2 I
(0)
10 − 2 I(0)31
)
. (E41)
Appendix F: Landau matching Conditions
In this section we show that δNµ, δTµν , and δSλ,µν given by Eqs. (D16), (D23), and (E23) satisfy the relations
(45), (46), and (47).
1. Proving uµδN
µ = 0
Projecting Eq. (D16) along uµ we obtain
uµδN
µ = −4I(1)20 ξ˙τeq cosh ξ + 4
(
I
(1)
31 βθ + I
(1)
30 β˙
)
τeq sinh ξ. (F1)
21
Using the recurrence relation (B14) we can write down
I
(1)
20 = I
(0)
10 = n0, I
(1)
31 = I
(0)
21 = −P0, I(1)30 = I(0)20 = ε0. (F2)
Substituting the above values for I
(1)
20 , I
(1)
31 , I
(1)
30 and the values of ξ˙ and β˙ from Eqs. (73) and (74) into Eq. (F1), we
can show that the right-hand side of Eq. (F1) vanishes.
2. Proving uµδT
µν = 0
Projecting Eq. (D23) along uµ we obtain
uµδT
µν = −4τeq sinh ξ
[
I
(1)
30 ξ˙u
ν + I
(1)
31 ∇νξ
]
+ 4τeq cosh ξ
[
I
(1)
40 β˙u
ν + I
(1)
41 (βu˙
ν +∇νβ + βθuν)
]
. (F3)
Using Eq. (81), the above equation can be written as
uµδT
µν = −4τeq
[
I
(1)
30 ξ˙ sinh ξ− I(1)40 β˙ cosh ξ− I(1)41 βθ cosh ξ
]
uν− 4τeq
[
I
(1)
31 sinh ξ− I(1)41 cosh ξ
n0 tanh ξ
ε0 + P0
]
∇νξ. (F4)
Using the recurrence relations (B14) and (B15) we can write
I
(1)
30 = I
(0)
20 , I
(1)
40 = I
(0)
30 = n0, I
(1)
41 = I
(0)
31 = −
1
β
(
I
(0)
20 − I(0)21
)
. (F5)
Using the above relations along with the values of ξ˙ and β˙ from Eqs. (73) and (74), we see that the first square bracket
term on the right-hand side of Eq. (F4) vanishes; see Eq. (71) for details. Using the relations (F2) and (F5), it can
also be shown that the second square bracket term in Eq. (F4) is zero.
3. Proving uµδS
λ,µν = 0
Projecting Eq. (D41) along uλ we obtain
uλδS
λ,µν =
4s2
3
τeq
[
− sinh ξ
{
I
(0)
10 ξ˙ ω
µν +
2
m2
(
I
(1)
41
(
u[µων]α∇αξ + uαω[να∇µ]ξ
)
+ ξ˙
(
I
(1)
40 u
αu[µων]α + I
(1)
41 ∆
α[µων]α
))}
+ cosh ξ
{(
I
(1)
31 βθω
µν + I
(1)
30 β˙ω
µν
)
+
2
m2
β˙I
(1)
50 u
αu[µων]α +
2
m2
I
(1)
52
(
βθ∆α[µων]α + β(∇[µuα +∇αu[µ)ων]α
)
+
2
m2
I
(1)
51
(
βθuαu[µων]α + (βu˙
α +∇αβ)u[µων]α +
(
βu˙[µ +∇[µβ
)
ων]αu
α + β˙∆α[µων]α
)
−
(
I
(1)
20 −
2
m2
I
(1)
41
)˙ωµν + 2(
m2I
(1)
20 − 2I(1)41
) (I(1)40 − I(1)41 )uαu[µω˙ν]α
− 2
m2
I
(1)
41
(
u[µ∇α + uα∇[µ
)
ων]α
}]
. (F6)
22
Using Eq. (E2), the above equation can further be written as
uλδS
λ,µν =
4s2
3
τeq
[
− sinh ξ I(0)10 ξ˙ωµν −
2 sinh ξ
m2
(
I
(1)
41
(
u[µων]α∇αξ + uαω[να∇µ]ξ
)
+ ξ˙
(
I
(1)
40 u
αu[µων]α + I
(1)
41 ∆
α[µων]α
))
+ cosh ξ
(
I
(1)
31 βθω
µν + I
(1)
30 β˙ω
µν +
2
m2
β˙I
(1)
50 u
αu[µων]α +
2
m2
I
(1)
52
(
βθ∆α[µων]α + β(∇[µuα +∇αu[µ)ων]α
)
+
2
m2
I
(1)
51
(
βθuαu[µων]α + (βu˙
α +∇αβ)u[µων]α +
(
βu˙[µ +∇[µβ
)
ων]αu
α + β˙∆α[µων]α
)
+
(
I
(0)
10 θ ω
µν + I
(0)
10 ξ˙ ω
µν tanh ξ − β˙ I(0)20 ωµν
)
+
2
m2
{
tanh ξ
(
I
(0)
30 − 3I(0)31
)
ξ˙uαu[µων]α + tanh ξ I
(0)
31
(
∇λξ + ξ˙uλ
)(
u[µων]λ − ωµνuλ + uαgλ[µων]α
)
−
(
β˙
(
I
(0)
40 − 3I(0)41
)
uαu[µων]α +
(
∇λβ + β˙uλ
)
I
(0)
41 u
[µων]λ − β˙I(0)41 ωµν +
(
∇λβ + β˙uλ
)
I
(0)
41 u
αgλ[µων]α
)
+
(
I
(0)
30 − 3I(0)31
)
θ uαu[µων]α +
(
I
(0)
30 − 2I(0)31
)
u˙αu[µων]α +
(
I
(0)
30 − 2I(0)31
)
uαu˙[µων]α
+ I
(0)
31
(
ω[νλ∇λuµ] + u[µ∇λων]λ − θ ωµν + ω[να∇µ]uα + uα∇[µων]α
)}
− 2
m2
I
(1)
41
(
u[µ∇α + uα∇[µ
)
ων]α
)]
. (F7)
Now using Eq. (81) we rewrite the above equation as
uλδS
λ,µν =
4s2
3
τeq
[
ωµν
(
− I(0)10 ξ˙ sinh ξ +
2
m2
I
(1)
41 ξ˙ sinh ξ + I
(1)
30 β˙ cosh ξ + I
(1)
31 β θ cosh ξ −
2
m2
I
(1)
51 cosh ξ β˙
− 2
m2
I
(1)
52 β θ cosh ξ + I
(0)
10 ξ˙ sinh ξ − I(0)20 β˙ cosh ξ + I(0)10 θ cosh ξ −
2
m2
I
(0)
31 ξ˙ sinh ξ
+
2
m2
I
(0)
41 β˙ cosh ξ −
2
m2
I
(0)
31 θ cosh ξ
)
+
2
m2
(∇αξ)u[µων]α
(
− I(1)41 sinh ξ +
n0 tanh ξ
ε0 + P0
I
(0)
41 cosh ξ + I
(0)
31 sinh ξ −
n0 tanh ξ
ε0 + P0
I
(0)
41 cosh ξ
)
+
2
m2
(
∇[µξ
)
uαων]α
(
− I(1)41 sinh ξ +
n0 tanh ξ
ε0 + P0
I
(1)
51 cosh ξ + I
(0)
31 sinh ξ −
n0 tanh ξ
ε0 + P0
I
(0)
41 cosh ξ
)
+
2
m2
uαu[µων]α
(
− I(1)40 ξ˙ sinh ξ + I(1)41 ξ˙ sinh ξ + I(1)50 β˙ cosh ξ + I(1)51 β θ cosh ξ − I(1)51 β˙ cosh ξ − I(1)52 β θ cosh ξ
+
(
I
(0)
30 − 3I(0)31
)
ξ˙ sinh ξ + 2I
(0)
31 ξ˙ sinh ξ −
(
I
(0)
40 − 3I(0)41
)
β˙ cosh ξ − 2I(0)41 β˙ cosh ξ +
(
I
(0)
30 − 3I(0)31
)
θ cosh ξ
)
+
2
m2
(
∇[µuα +∇αu[µ
)
ων]α
(
I
(1)
52 β cosh ξ + I
(0)
31 cosh ξ
)
+
2
m2
(
u[µ∇α + uα∇[µ
)
ων]α
(
I
(0)
31 cosh ξ − I(1)41 cosh ξ
)]
. (F8)
From this equation it can be clearly seen that the coefficient of all the tensor objects on the right-hand side cancels
out. Thus, we confirm that
uλδS
λ,µν = 0. (F9)
Appendix G: Calculation of να, piαβ and Π
By contracting Eq. (D16) with ∆αµ , the following expression for particle diffusion current can be obtained
να = ∆αµδN
µ
= −4τeq(∇αξ) cosh ξI(1)21 + 4τeqI(1)31 (βu˙α +∇αβ) sinh ξ. (G1)
23
Using Eq. (81), the above equation can be cast in the following simpler form
να = −4τeq (∇αξ)
[
cosh ξI
(1)
21 −
(
n0 tanh ξ
ε0 + P0
)
I
(1)
31 sinh ξ
]
. (G2)
Contracting Eq. (D23) with ∆αβµν yields
piαβ = ∆αβµν δT
µν = ∆αβµν
[
− 4τeq sinh ξ
(
∇ρξ + uρξ˙
)(
I
(1)
30 u
µuνuρ + I
(1)
31 (∆
µνuρ + ∆ρµuν + ∆νρuµ)
)
+ 4τeq cosh ξ
(
β∇ρuλ + βuρu˙λ + uλ∇ρβ + uλuρβ˙
){
I
(1)
40 u
λuµuνuρ
+ I
(1)
41
(
∆µλuνuρ + ∆νλuµuρ + ∆µνuλuρ + ∆λρuµuν + ∆µρuλuν + ∆νρuλuµ
)
+ I
(1)
42
(
∆µλ∆νρ + ∆µρ∆νλ + ∆λρ∆µν
)}]
. (G3)
Doing simple algebraic manipulations where Eqs. (C1)–(C6) are used, we find
piαβ = 8τeq cosh ξβI
(1)
42 σ
αβ , (G4)
where σαβ = 12
(∇βuα +∇αuβ − 23∆αβ∇λuλ) is the shear flow tensor. Thus, the bulk pressure Π can be expressed
by the formula
Π = −1
3
∆µνδT
µν = −1
3
∆µν
[
− 4τeq sinh ξ
(
∇ρξ + uρξ˙
){
I
(1)
30 u
µuνuρ + I
(1)
31 (∆
µνuρ + ∆ρµuν + ∆νρuµ)
}
+ 4τeq cosh ξ
(
β∇ρuλ + βuρu˙λ + uλ∇ρβ + uλuρβ˙
){
I
(1)
40 u
λuµuνuρ
+ I
(1)
41
(
∆µλuνuρ + ∆νλuµuρ + ∆µνuλuρ + ∆λρuµuν + ∆µρuλuν + ∆νρuλuµ
)
+ I
(1)
42
(
∆µλ∆νρ + ∆µρ∆νλ + ∆λρ∆µν
)}]
. (G5)
Using the relations defined in Eq. (C1) we obtain
Π = 4τeq
[
I
(1)
31 ξ˙ sinh ξ − cosh ξ
(
I
(1)
41 β˙ +
5
3
I
(1)
42 β∇λuλ
)]
. (G6)
Now using the recurrence relation (B14) we can write
I
(1)
41 = I
(0)
31 = −
1
β
(
I
(0)
20 − I(0)21
)
= − 1
β
(ε0 + P0), (G7)
I
(1)
31 = I
(0)
21 = −P0 = −
n0
β
. (G8)
Substituting I
(1)
41 and I
(1)
31 from the above equations and the convective derivatives ξ˙ and β˙ from Eqs. (73) and (74)
into Eq. (G6) the following result for the bulk pressure can be obtained
Π = −4τeq
[
n0
(
cosh ξ sinh2 ξ
(
ε0 (P0 + ε0)− n0T
(
P0
(
z2 + 3
)
+ 3ε0
)))
β
(
ε20 sinh
2 ξ − n0T cosh2 ξ (P0 (z2 + 3) + 3ε0)
)
− cosh ξ
β
(
n0 (P0 + ε0)
(
P0 cosh
2 ξ + ε0
)
n0T cosh
2 ξ (P0 (z2 + 3) + 3ε0)− ε20 sinh2 ξ
)
+
5β
3
I
(1)
42
]
θ. (G9)
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